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Tecrnomermes Yot. 7, No. 3 Aveust, 1965

Point and Interval Estimators, Based on m Order
Statistics, for the Scale Parameter of a Weibull
Populalion with Known Shapc Parameter

II. Lion HarTER Anp Arsert L Moore

Aerospace Research Laboratories and Air Foree Institnte of Technology
Wright-Patterson Air Forca Buse

A derivation is given of the maximum likelihood estimator 8, hased on the fiest
m out of n ordered observations, of the seale parameter ¢ of » Weibull population
with known shape parameter X, It is shown that 2m 3%/0% has a chi-square distris
bution with 2m degrees of freedom (independent of »). Use is made of this fact to ant
upper confidence bounds with confidence level I — P (lower confidence bounds with
confidence level I*) on the seale parameter 0. Formulas are given for the mean squared
devintions of the upper and lower confidence hounds from the true value of the
parameter. From these one ean obtain expressions fer the efliciency of confidence
bounds and confidenve intervala. The expeeted value of & is also determined, and
from it the unbinsing factor 8' ¢ by which # must be muitiplied to obtain an unbiased
estimator §. An expression for the variance of the unbiased eatimator § is found.
Values of the unbiasing factor and of the varianee of the unbiased estimator, both of
which aro independent of #, are tabled for m = 1(1)100 and K = 0.5(0.5)4.0(1.0)8.0,
A section on use of the tohle and a numerical example are included.

1. IxTrRODUCTION

Epstein and Sobxl {1033) have pointed out the advantnges of the use of

ordered data from truneated tests {o estimate the parameters of parent pop-
vlations, and have worked out details {or the exponentinl distrilmtion. In
marticular, they have derived an estimator ¢ (which is maximum likelihood,
unbiased, and minimum varianee), based on the first m out of 2 ordered ob-
servations, of the parameter ¢ of an expmentinl population and have shown
that 2md.e has a chissquare distribution with 2m degrees of freedom (independ-
ent. of ), They have also given without derivation the maximum likelihood
e v mator 0%, hased on the first m out of n ardered observations, of 8%, where 0
i« che seale parameter of a Weibull population with knewn shape parameter K,
N. R. Mann (1063, p. 29) has stated without proof that 2md*/0% has a chi-
square distribution with 2m degrees of freedom, The missing derivation and
proof are supplicd in the present paper, Expressions are iven for upper and
lower confidence bounds, 7 and ¢, and for the eflicicncies, as defined by Harter
(196:4h, ©), of 7 and the central confidence interval (0, 7). Brief dizcussions of
the method of computation of the table and of its use are given, as well as o
numerical example which illustrates the computation of both point and interval
estimates and the efliciencies of both point and interval estimators.

* Received Feb, 1964; final revision Dec. 1064,

405




406 TECHNOMETRICS, VOL. 7, NO. 3, AUGUST 1945

2 Maximus Likeninoop EsriMaror roir THE SCALE PARAMETER

The probability density function of the random variable Y having a Weibull
= distribution with loeation parameter 0, scale parnmeter 8, and shape parameter
: K is given by
K0/ 0% exp [— /0], y > 0
W () = | EFOWOT e =@/ 0%y

0 elsewhere.
Now if we define the random variable X by X = Y* and meke the change of
varisble = »" in (1), we find the probability density function of the random
variable X to be

@ o) = {exp (=a/0)/07, x>0

Q clsewhere,

which iz the familiar cxponentinl density function with parnmeter ¢ = o~
Therefore if ¥ has a Weibull distribution with secale parameter ¢ and shape
parameter K and if X = ¥, then X is exponentindly distributed with param-
eter ¢ = 05 Hence a maximum Jikelihood m-order-statistic estimater for 0
can be obtained from the “hest’” m-order-statistic estimator for v = 0* derived
by BEpstein and Sobel (1953), which is given by

(3) Gon = [yn F on F 0 F b (0~ m)X)

where v, (8 = 1,2, -, m) are the first m order statisties of a sample of size n
from an exponential pepulation. Now, taking the K-th root of both sides of
(3), wo obtain

I

1) A E S S N I o S ol U R 127 E R
Since x,, = yX we can write
(5) bon = 25 = ([ + o+ oo b yhe o+ (0= myn )/ m)
Now, since ¢, is a maximum likelihood estimator of o, 0., = ¢/F is a max-
imum likelihood estimator of 8 = ¢'/%.

The probability density function of th: random variable X, = ¢.. Is given
by Epstein and Sobel (1953) as

(1/0m)(m/e)"a? ™" exp (—mai/a), >0

fulxy) =

0 elsewhere.

(6)

Now we lot 0, = ¢ . For ¥, = X)"* and we find the probability density fune-

mn

tion of ¥, = 4,, to be

™) i) = {[I(, o) Jon/a)" " exp (= my'/o), >0
LANA) -

0 c¢lsewhere.

Now, making the substitution ¢ = 0% in (7), we obtain

oA R




T = 0T

RNARE

WEIBULL POPULATION WITH KNOWN SHAPE PARAMETCR 407
/U 0m/ 0%y oxp (~ my®70%), 7 >0
(8) 9l = [K/1(m)K( )0 I h ) "

0 clsewhere.

Hereafter, for simplicity, we will denote 6., by 6.

3. ConNrFIDENCE Bounps rour Scarnt: PARAMETER 0

IFrom (R) it can be casily seen that 2md*/0% has a chi-square distribution
with 2m degrees of freedom:

() 2méh et = i
Solving for ¢, we obtain
(10) 0 = (2m/xi.)"" 0

Then an upper confidence bound with confidence level 1 — P (lower confi-
dence bound with confidence level 1) on @ is given by

(9)) 61-1' = {, = (27"/"x:m.l-)uxo.

where the first subseript on x* is the number of degrees of freedom and the
second one is the cumulative probability. The interval between lower and
upper confidence bounds, each with confidence level 1 — 17, will be call & cen-
tral confidence interval with confidence level 1 = 202, Iiquations (9)-(11) re-
main valid when s = 2, in which case (11) is an expression for the conventional
confidence bound based on all n observations.

4. Briiciexey oF Coxripuncr Bounns AND INTERvVALS

Harter (1964b, ¢) has defined the efficiency of a substitute upper confidence
bound as the ratio, expressed as a percentage, of the mean sqnared deviation
of the conventional upper confidence bound from the true parameter value to
the mean squared deviation of the substitute upper confidenee bound from the
true parameler value, This definition may be expressed symbolically in the
form

(12) . = 10011(0 ~ 0)*V/E[(0" — )*),

where I, is the eflicieney (in percent) of the substitute upper confidence bound,
E[(0 = 0)°] is the mean squared devintion of the conventional upper con-
fidence bound ¥ from the true value ¢ of the parameter, and E[(§° — 6)°] is
the mean syuared deviation of the substitute upper confidence hound # from
the true value 0 of the parameter. I'urther, the efliciency of a substitute cen-
tral confidence interval is defined as the ratio, expressed as o percentage, of
the sum of the mean squared deviations of the conventional upper and lower
confidence bounds from the true parameter value te the sum of the mean squared
deviations of the substitute upper and lower confidence bounds from the true
parameter value, This definition 1w symbolie form is given by

(13) E, = 100{E(0 — 0)°] - ER{Q ~ 0N ERS = 0] -+ ELQ — 01,

where 2, is the efliciency (in perceut) of the substitute central confidenee
interval, El@ — 8)°] and EW@ - 0] are defined as above, and El@ — 0)%]
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and E[(¢' — 0)'] nre respeetively the mean rquared devintions of the con-
ventional and substitute lower confidence bownds ¢ and ¢’ from the frue value
8 of the pnauncter.

Quayle (1963) has shown that the mean squared deviation Efd = 0] of
the conventional upper confidence hound with confidenee level 1~ P, ba~ed
on all 1 obeorvations, from the true value 0 of the senle parameter of & Weibull
population with known xhape parameter K i given by

(4)  E{@ = o)) = 1 = 2"VNPe - 1R Te G )
4 27N 4 2K, T X [/ X

and that the mean squared deviation K{{¢ — 0’] of the eorresponding con-
ventional lower confidence bound is found by replacing by ¢and P hy 1 — P
in (14). Since 2n05/0% is distributed as x* with 2r degrees of freedom and
2mb%/6% as x* with 2m degrees of freedom, the mean squared devintions of
the substituta confidence bounds based on the first m order statisticr are found
a8 follows: E{(F — 0)°) by replacing § by & and n by m in (14); E(¢° = 0)’]
by roplacing @ by ¢', n hy m, and P by 1 — P in (14). Substitution of the re-
sults in (12) and (13) then yiclds the efficiencies of the substitute upper con-
fidenee bound and the sabstitute central confidence interval, respeetively, as
compured with the conventional bound and interval based on ali 7 observations.

”K

5. UNBIASED E~TIMATOR FOR THE SCALE PARAMETER

The expeeted value of § ix found by using (8) to be
) E) = ;0T(m + 1/K} {m' “T0m}.

Hence an unbinsed estimator of 4 ix given by
(16) § = [m"ET(m)/U(m + 1/K)}d.

The variance of the unbiased estimator § is found to be
i) Var § = @ {[ron)tem - 2/K)/ i (m + 1/K)} — 1},

Values of the unbiasing factor §/0 for a maximum likelihood estimator
and of the ratio Var §70° of the varianee of an unbinsed estimator {o 0°, ox-
pressions for which can be obtained by dividing both sides or (16) by J and
both sides of (17) by 0%, were computed for m = 1(1)100 nnd K = 0.5(0.5)
4.0(1.0)8.0. The computation: were performed on the TBM 1620 computer
with FOR'TRAN progeamming, use heing made of Stirhng's approxhmation
to the Gumma function. Twelve deciinal digits weve carried in the computa-
tions, but the values of the unbiasing factor were rounded to 6 decimal places
(G or 7 significnnt digits) and those of the variauer to 8 decimal places (5 fo 9
significant digits). The results nte shown in Table 1.

6. Use or Tabnu
In life-testing situations, one may wish to terminate the test without wait-
ing for all n of the items placed on test to fail. 1f the tife distnibution is Weibull
with known shape paruneter K, where K is one of the values included in Table 1,




WEIBULL POPULATION WITH KMOWN SHAPE PARAMETER AQ9

Tanre 1
Ushinsing Faclars for Maximum Likelthond Estimalors and Varianers of Unhinsed
Fatpenmitors from m Ord:r Stansties of Seale Parameler 8 of Wekadl Papulation
Shape Parnmcter K= 005

" 68 Var 0,0 w o Var d. 00 :
S S e £
{ _H00000 & 0ROODONG At aROTHY SOTRANY t
R 2 GBROGT 2 qananng L) RUSERY TTHANET B
B K] 750000 1 HOONNpn 53 RIS B 07017051
— g _KOND0Y 1. 1ORRKINED 54 LOSININ OTATVIAY £
[ PRERKN CSGLBLBGT 55 L8213 OT3RTO0
4 SETHA CTHESHTY 50 8450 T2050
7 At 607 1AUSH 4 UN27AS DTOTRAN0
- B! RSN TR 58 083051 BT
= 0 000000 4BBEERGT by QI OBSIGEHS
10 L0ngowt SABISIS2 60 A9%3000 L8721
11 016067 CATRTRTRR 01 ARaNTy . 0BRIN2A0
- 12 ARR0TY L1585 (173 L084127 8502810
- 13 A2RLTL 1868132 03 DR4378 AISK0 -
= 14 .033333 2082310 04 LOR4015 _DOAIKOTT B
I 15 .Qa7500 23800000 85 RIRS QU200408
16 41170 25704 vo ARH0TS ORIOANEE
17 HEREEE PEIENT o7 AMA20 OODLANAT
18 047368 L2BROT01H 13 JNAL0T QWY ,
19 DADODY CIHTSO4T (i) LSBT 0583R%00
20 052381 20476100 70 RS ATHIONT -
21 054545 10480510 Tt RIGIRNY 05672020
22 56522 LINGTTUTS 72 DRO302 55930807
PAY MA%I33 L1770023 3 LOR0480 05510470
24 60000 . 17000000 74 RUN\i RiEERE D3N
23 001538 16307002 75 LOR0842 AR30R421
20 AG2063 . 15060510 70 LBR7013 00207304
20 004286 . 15079368 17 087180 LOR22R100
8 65617 J14an2020 18 JAR7342 05100602
- Uy WHOBGT T TN kit LQRTAM NH5001037
} 30 AGTTA2 13548387 80 057054 RIBTIRIPENIEY
= 31 UBs7T A0 13104830 81 JS7R05 Q40383
i 12 Anasa7 12070304 a2 BBV L OOTI35
- 33 AIT0H88 122004085 83 LDBR0UY 847083
f 34 971429 2773 H4 88235 01780010 L
36 472222 11587302 15 RINCK 04739242
- 38 472073 11281201 86 RUNSAY L0NTTRDY
- 37 KIYRUEE 10053068 |7 RSO 4023824 =
] i) RyER 10081209 88 LOSKTOY L0457040401
30 075000 (10384615 ] ORNSSO 04510351
40 075610 L10121051 0 RSN 04168304
B 41 78190 872242 [t} RUKY] 04110404
43 AT0T44 00034551 v2 RiLiTA2 04371201
13 Kt PR Ha08034 o} RUNIRID) L04323053 _
44 ANTTTIN aepLag 04 asu4s 4 AMRTTIG =
45 TN AUSO85507 05 RUSIESR 04242458
40 ATRTN 0=788160 [\ LRUTHIT BRI RTY
47 ATHGT ANH00201 07 [OSTAT 01144751
48 Rt USY ANIE367 u] GNONUY 04102247
40 LOSUOEKY (ON244398 a9 QUK Q4060008

30 sy AMOTSA3L 100 [ERTLAT 0101usOR

AT s i e s . <—
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- ‘Tante | (continued)
by Unbiaaing Factora for Maximum Likelih.od Kstimators and Varianees of Unbias
B Batimatora from m Order Statsedies of Seale Parametos @ of Webutl Populalion
: Shape Parnneter K = 1.0
m o/d Vur 8/0? m 60 Var &
: 1 TR ) §00DBONND at | ORKIKND TN X
2 I (0000 HHMNNN L4 [ LA AR )
] 3 1 O qanan 5t 1 hnouug LIRS UMY
4 1 thininn 2R0HH01K hi 1 (HHHHWY DISHING2
A 1 onn JHHHHAD K%) 1 (HIIK) DIRIRIS2
[} 1 0000 [THEMH Ut Ha 1 aunnn BlasaTd
? 1 000 CL42557 14 67 t QLRI [UTYRERRH
8 1 Qohoon 2500000 I [WLTETH RUFPIIRA
it 1 aoton RAREIREY! S {.ananen (R L)
10 1.000000 . HOORKIOL tif) 1. Qoag BG6HGT
. 11 1 GOnono [EVHH 61 1 oattem [ IIRUKEEY
. 12 1.0000080 R SR RERH] 1] 1 Onping KT Ratiix]
13 L. 0oy OTHII308 [1X4 { (M 158002
£} 1.000000 OTHA2RAT Gt 1.onhonn 1802300
18 I anonao QRRORGAT 03 1 Qi 1838482
10 1 N0 COR AN oy 1 tRuRuy Mathi s
17 1000000 RIRVUAR LR iy 1 OUHRID A7
IR 1 4oootn NAa65H0 (5] 1 GUUMR) (47055%
10 b OG0onn 0a26s1H8 [Ql] 1. 0000H) 01440275
20 1 0noenn axaoNNN 70 1Ny (428571
21 1 poooon 0471003 7 1 HXHX) 0108451
2 1 (0NN 04845455 ''4 1 CAIRKY DIINNNSY
0 1 aoonen [(ERE PR n 1 ounean TR RS
24 1 0000600 BELHBGGT T4 [T 01351351
25 1 ORI 40000 R b R [{I NS RRRN]
20 1 ogen IS5 T 1 (HRUXR) LOLEATRG
ar 1 tooae 03708704 T [T 12N Tol
2 1 00DMR OR67 1420 Yh 1 Quoon
Pay IR TN LY [IxERA N ny i i
Jo 1 (Hiouun [IXRERREK] S0 1 Gionng
R} 1 Onnem ANR2255086 St [T DEELNGS
32 § oo [{R] BAMTHEN) bt LTV [UE LM ]
3t 1 oon [ER{} R (3 RITR N3 1 nnnoon RURIEEERI
3t 1 OLoono 41170 S 1 QUK o LT g
ki 1 oot [ AR B 18 Y } i mize7
R} 1 doooen RTINS st 1 Oy (BT
37 | VTSR ART02708 N7 [V BV RIRBHE R
38 I Do ARBAIHTY s 1 UKD 01363064
30 1 apnoot KNS B LIK 84 1 It 113 RRHUTH
10 1 aonoena [ST U A[Y) b Oan0g [IIRRERNY]
41 1 uonoon RILERUTIAS m b anonng (A ITISUTIT
42 1 UDOULHY RIAX NF TGS 02 1 oo nrasaus7
43 1 oM o 1 uhonan
34 1 GOPHHK [} 1 uinm Ri
45 1 oot uh 1 RN [13J AT
A I oot {H) 1 (MMM U667
17 1 (HIHHKY a7 1 (i BLoames
B AN 1 onooon [FREEN KRR (L 1 QN0 T2
4 1 tHHWHW) IR HEN KT " 1 tuEHNy (LRI ERI L § ]
e 1 OtHUHI U2AUHH) I 1R AHGOON00
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TaBLE t (continued)
Unbiasing Factors for Mazimum Likelthood Estimators and Variances of Unbiased
Estimalors from m Order Slalistics of Scale Parameter ¢ of Weidull Population
Shape Parameter X = 2.0

m 8/ Var §/0 m 5/ Var ¢/
1 1.128379 .27323954 51 1.002454 .00491302
2 1.063846 .13176848 52 1.002407 .00481919
3 1.042352 .08640774 53 1.002361 .00472805
4 1.G31661 06432432 54 1.n02317 .00464030
5 1.025273 L05118452 55 1.002275 00455574
(1] 1.021027 , 04249704 56 1.002235 L0447 421
7 1.018002 .03632R42 57 1.002195 00430554
8 1.015737 .03172251 58 1.002157 L00131959
¢ 1.013979 .02815254 59 1.002121 .0042.4623
10 1.012573 . 025630447 60 1.002085 LONE17538
11 1.011424 02297952 61 1.002051 .00410672
12 1.0104068 02104572 62 1.002018 00401035
13 1.009659 L01041205 63 1.001986 00397610
14 1.008967 .01801368 64 1.001955 .00391385
15 1.008367 L016R0320 GhH 1.001925 00385352
16 1.007842 01574513 66 1.001896 00379503
17 1.007379 .01481240 67 1.001867 .Q0373828
18 1.006968 .013983498 68 1.001340 .0036%320
19 1.006G00 .01324330 i) 1.001843 .00362973
20 1.006269 .01257713 70 1.001787 00357778
21 1.005970 01197477 7 1.001762 .00352730
22 1.005697 01142746 72 1.001738 00347323
23 1.005449 .01092799 73 1.091714 .00343050
24 1.005222 01047035 74 1.001691 00338407
25 1.005012 01601946 75 1.C0316568 00333887
26 1.004819 LO00UGHI1G 76 1.001646 00320487
2 1.004610 00330172 77 1.001625 ,0032520t
28 1.004474 00808807 78 1.001604 .00321025
29 1.004319 00865752 79 1.001584 00316955
30 1.004175 00836776 80 1.001564 .00312987
31 1.004040 00809677 81 1.001544 L00306G117
32 1.003914 00784278 82 1.001526 .00300341
33 1.003795 00760423 83 1.001507 00301657
34 1.003683 Q0737077 S4 1.001489 00205061
35 1.003578 00716818 85 1.001472 L00284549
36 1.003478 (0696839 86 1.001485 L00291119
37 1.00:3:384 LO067TTO43 7 1.001438 00287768
38 1.003295 0066045 & 1.001121 L0028 1443
30 1.003210 00643067 86 1.001405 00281202
40 1.003130 00626941 90 1.001390 .00278163
11 1.003053 Q0611604 91 1.001375 00275102
42 1.00208¢ L00/U6H90 92 1.001360 L00272107
43 1.002911 00583076 03 1.001345 Q0209178
44 1.002%45 LO0AGYTRT 01 1.001331 00266310
45 1.002782 ADS57000 Qs 1.001317 10263503
46 1.002721 00814947 96 1.001303 002607565
47 1.002663 00533322 T 1.0012589 00258063
48 1.002608 00522183 as 1.001276 00255427
49 1.002554 L0051149¢ Q99 1.001263 Q0252513
50 1.002H03 00501214 100 1.001251 00230312
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Tasre 1 (conlinued)
Unbiasing Factors for Maximum Likelihood Estimators and Variances of Unbiased

Estimators from m Order Statistics of Scale Parameter 9 of Weibull Population

Shape Parameter K = 2.5

M3

m 678 Var ¢/0 m i/ Var ¢/t
1 1.127060 .18316455 51 1.002357 00314830
2 1.062261 08652458 52 1.002312 .00308754
3 1.041086 05634335 53 1.002268 . 00302909
4 1.030634 04172268 54 1.002226 .00297281
5 1.024414 03311340 55 1.002185 .00291859
6 1.020292 02744474 56 1.002146 . 00286630
7 1.017359 02343128 67 1.002109 .00281536
8 1.015167 .02044098 58 1.002072 .00276716
9 1.013466 .01812705 59 1.002037 00272012
10 1.012108 101628345 00 1.002003  .00267465
11 1.010999 01478008 61 1.001970 .00263067
12 1.010075 .01353073 62 1.001938 .00258812
13 1.009205 .01247607 63 1.001908 00254092
14 1.008627 .01157389 64 1.001878 00250701
15 1.008049 .01079335 65 1.001849 00246834
16 1.007643 .01011142 66 1.001821 .00243084
17 1.007097 .00051052 67 1.001794 .00239446
18 1.006701 .00897702 68 1.001767 .00235918
19 1.006346 00850019 69 1.001741 .00232488
20 1.006027 .00807145 70 1.001717 .00229158
21 1.005739 00768388 71 1.001692 .00226922
22 1.005477 .00733182 72 1.001669 00222777
23 1.005238 .00701061 73 1.0n1646 .00219717
24 1.005019 .00671635 74 1.001624 .00216741
25 1.004818 .00644580 75 1.001602 .00213844
Z6 1.004632 00019820 76 1.00156%81 LU21102Z4
27 1.004460 .00596521 77 1.001560 Q0208277
28 1.004300 00575082 78 1.001540 . 00205601
29 1.0041561 00555131 79 1.001521 .00202992
30 1.004012 .00536517 80 1.001502 00200440
31 1.003882 00519111 81 1.001483 .00197969
32 1.003761 00502799 82 1.001465 .00195549
33 1.003647 .00487481 83 1.001447 .00103188
34 1.003539 .L0473069 84 1.001430 00190884
35 1.003438 00459484 85 1.001413 .G0188633
36 1.003342 00446657 86 1.001397 L00186435
37 1.003251 00434528 87 1.001381 .00184288
38 1.003160 .00423039 88 1.001365 .00182189
39 1.003084 0412143 89 1.001350 .00180138
40 1.003007 .00401793 90 1.001335 .00178133
41 1.002933 00391951 91 1.001320 L0017617)
42 1.002863 L00382579 92 1.001306 .00174253
43 1.002797 L00373645 9% 1.001292 00172375
44 1.902733 .00365119 94 1.001278 00170538
45 1.002672 00356973 95 1.001264 .00168740
46 1.002614 .00349183 96 1.001251 .00166979
47 1.002558 .00341725 97 1.001238 00165254
48 1.002505 00334579 a8 1.001226 00163565
49 1.002154 00327726 99 1.001213 LQUiB1910
50 1.002404 0321149 100 1.001201 .001060288

“



H A4 TECHNOMETRICS, VOL, 7, NO. 3, AUGUST 1945
Tapre 1 (continued)
Unbrasiag Factors for Maximum Likelthood Estimators and Variances of Unbiased
Ustimalors from m Order Slalistics of Scale Parameter 6 of Wetbuwll Population
Shape Parameter K = 3.0

£ m G/6 Var d/0 m G/ Var §/6

i ————

I 1 1.119847 . 13209336 51 1.002183 .00218813

' 2 1.053189 06133753 52 1.002141 00214587

§ 3 1.038277 L030677 568 53 1.002101 0021052

4 1.028495 02928080 54 1.002062 00206607

P b 1.022689 02319038 55 1.002024 (202835

l B 1.018846 01919354 56 1.001988 .00199199

7 1.016115 01637029 57 1.001953 00195691

; 8 1.014075 L(1427035 58 1.001919 00192304

: 9 1.012494 .01264752 59 1.0018K7 LO00180032

I 10 1.011231 .01135588 60 1.001855 00186870

r 11 1.010201 .01030348 61 1.001825 .00182812

: 12 1.009343 00942952 62 1.001795 .00179853
13 1.008619 .00R69217 63 1.001767 00176088
14 1.007998 00806173 64 1.001739 00174213
15 1.007461 007510654 65 1.001712 .00171524
16 1.006992 .00704040 66 1.001686 00168016
17 1.006578 00662097 67 1.001661 00166387
18 1.006210 00624870 63 1.001637 .00163032
19 1.005882 00591606 69 1.001613 .00161549 =
20 1.005586 (0561704 70 1.001590 00159234 =
21 1.0605319 .00534678 71 1.604567 00156984 -
22 1.005076 00510133 72 1 001546 0154797 -
23 1.004854 00487743 73 1.001524 00152670

! 2 1.004651 00467235 74 1.001504 00150601 =
25 1.004464 (0448383 75 1.001454 00148587 B
26 1.004202 L 00430002 76 1.001464 00146626
27 1.004132 00414900 7 1.001445 00144716
28 1.0039084 00399986 78 1.001427 Q0142856
29 1.003846 LO0R8EOTO 79 1.001408 0141042
30 1.003717 .00373107 80 1.0ul3y1 (00130274 z B
31 1.003597 (0360986 81 1.001374 001375650 N
32 1.003484 LN0349628 82 1.001357 00136863 -
33 1.003378 00335962 83 1.001340 00134227 :
34 1.003279 .(G0328928 84 1.001324 (152625 2 T
35 1.003185 00310471 85 1.001309 00131060 =
36 1.003096 L00310543 86 1.0012094 .G0129533
37 1.003012 LO302100 hi 1091279 0128040
38 1.002932 00294104 88 1001264 0126581 -
39 1.002857 00286520 89 1.001250 00125155 B
40 1.002785 00279318 90 1.001236 00123761 =
41 1.002717 0252469 o1 1061222 0122305 :
12 1.002652 00265947 93 1.001200 LN21064 E
13 1.002501 LO02HNT3IL 93 1 0011496 0119760 _ -
44 1.002532 00253798 04 1 001183 L0001 18483
45 1.002475 RVIASAINAY 1457 1 o017l 00117232
146 1.002421 0024271 96 1 oolisy 00116008
47 1.002370 0237523 o7 1 001147 00114810
48 1.002320 L00232551 a8 1001135 00113636
49 1 002273 00227784 a9 1 001121 LODTT2485 -
50 1 602227 00225208 100 1 001112 LODTT I35 :




WEIBULL POPULATION WITH KNOWN SHAPE PARAMETER 415
Tante 1 (continued)
Unbiasing Factors for Maximum Likelihaod Estimators and Variances of Unbiased
Estimators from m Order Slatistics of Scale Parameter @ of Wetbull Population
Shape Parumeter K = 3.5
- m G/ Var §/0? m i/ Var 8/
1 1.111423 .10014607 51 1.002006 00160804
2 1.0563765 (04581787 52 1.001967 00167756
3 1.035293 L02047697 5 1.001930 LQU154765
- 4 1.026247 02169204 54 1.001894 00151885
5 1.020886 L01715179 55 1.001859 00149111
6 1.017341 .01417983 56 1.001826 00146430
- 7 1.014824 01208442 57 1.001794 (0143850
- 8 1.012945 01052796 58 1.001763 .00141365
— 9 1.011488 .(006932639 59 1.001733 .001389058
B 10 1.010326 00837081 60 1.001704 00136633
11 1.609378 00759275 61 1.001676 .00134383
12 1.008589 00694696 2 1.001649 00132207
13 1.007922 .00640237 63 1.001623 .00130100
14 1.007351 .00553692 64 1.001597 00128059
B 15 1.006857 .00553455 65 1.001573 00126081
16 1.00642¢ .00518324 66 1.001549 00124164
17 1.006045 .(0487386 67 1. 001526 00122304
18 1.005707 00459032 68 1.001503 .00120498
19 1.005405 .004354006 69 1.001481 00118745
20 1.005133 .00413362 70 1.001460 00117043
21 1.004887 .00393443 71 1.001440 .00115389
22 1.004664 00375355 72 1.001420 .00113780
23 1.004460 .00358857 73 1.001400 .00112216
24 1.004273 .00343748 74 1.001381 .00110695
25 1.004101 LBUR2URDY 75 1.G01363 LND108214
26 1.003943 L(B17049 76 1.001345 0107772
27 1.003796 00305197 7 1.001327 .00106368
28 1.003660 00294190 78 1.001310 0104069
20 1.003533 .00283966 79 1.001204 00103666
- 30 1.003415 .00274421 80 1.001277 00102366
31 1.003305 (0265406 81 1.001262 00101098
32 1.003201 00257134 82 1.001246 LGGOIRG2
33 1.003104 (0249283 |3 1.001231 .000086A5
34 1.003012 00241896 84 1.001217 00007477
35 1.002026 00234935 85 1.001202 0096327
36 1.002844 00228363 86 1.001188 .00095203
37 1.002767 .00222140 R7 1.001175 00094106
38 1.002694 L00216264 8§ 1.001161 093033
39 1.002625 00210683 89 1.001148 .G00N1985
40 1.00255%9 002056382 90 1.061135 LQO0Y0Y60
41 1.002496 .Q0200342 91 1.001123 L, 00089958
42 1.002437 0195543 92 1.001t11 .0DOSRY7T
43 1.002380 . 001900GO 93 1.001009 Q0088018
44 1.002326 00186604 94 1.001087 LODORTO7TY
45 1.002274 (0182431 95 1.001075 LO0ORG160
40 1.002224 O 78446 96 1.001064 COHINS260
47 1.002177 00174629 a7 1.001053 00084370
4R 1.002131 00170871 98 1.001043 RUVIRREAE
49 1 002088 00167464 99 1.001032 LOUOR2670
50 1.0020:46 L164098 100 1001022 AU0S1S4L
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TanLe 1 (conlinued)
- Unbiasing Factors for Maximum Likelihood Estimalors and Variances of Unbiased
- Esttmators from m Order Statistics of Scale Parameter @ of Weibull Population
Shape Parameter K » 4.0
= m 6/ Var 6/6t m asb Var §/0
1 1.105263 07870520 51 1.001843 00123225
2 1.049600 03655099 52 1.001807 .001.20843
3 1.032516 L02277234 63 1.001773 .001185651
4 1.024163 .01672043 54 3.001740 00110344
b 1.019220 01320237 55 1.001709 .00114218
6 1.015964 01000486 50 1.001678 .00112168 '
7 1.013636 00028741 57 1.001648 .00110190
8 1.011905 00808731 58 1 001620 .00108281
9 1.010564 .00716101 59 1.001592 00106437
10 1.009495 00642691 60 1.001566 00104655 ’
11 1.008622 00582721 61 1.001540 .00102932
12 1.007896 00533050 62 1.001516 .00101204
13 1.007283 .00491179 63 1.001491 .G0099649
14 1.006758 .00455404 64 1.001468 . 00098086
16 1.006304 .00424485 065 1.001445 00096570
16 1.005907 00397497 066 1,001423 .00095101
17 1.005557 00373734 67 1.001402 .00093675
18 1.005246 00352652 68 1.001381 .00092292
19 1.004068 00333820 69 1.001361 00000049
20 1.004718 00316898 70 1.001342 00089645
21 1.004492 .003G1608 71 1.001323 L(0088377
22 1.004286 00287725 72 1.001304 00087145
23 1.004099 00275064 73 1.001287 00085946
24 1.003927 00263470 74 1.001269 00084781
25 1.003769 00232814 75 1.001252 00083646 —
20 1.003624 00242087 76 1.001236 .00082541 o
7 1.003489 00233894 77 1.001220 .00081465 T
28 1.003364 .00225458 78 1.001204 0030417 =
29 1.003247 00217609 79 1,001189 00079396 B
30 1.003138 .00210288 80 1.001174 .0C078400 =
31 1.003037 ,0N203443 81 1.001159 .00077428 ™
32 1.002042 .00197030 82 1.001145 .00076481 .
33 1.002852 00191009 83 1.001131 00075556 . =
34 1.002768 00185345 84 1.001118 00074654 = -
35 1.002688 00180007 85 1.001105 .00073773
36 1.002614 00174968 86 1.001092 .00072912 : =
37 1.002543 00170204 87 1.001079 00072071 -
38 1.002476 001650892 88 1.001067 .00071250 L
39 1.002412 .00161413 89 1.001055 .00070447 -
40 1.002351 .00157349 90 1.001043 .G0009662 E
41 1.002294 .00153485 91 1.001032 .00008R%4 =
42 1.002239 00149800 92 1.001020 .00068143 =
43 1.002187 .00146300 93 1.001009 .00067408
44 1.002137 .00142954 94 1.000999 00066688
45 1.002089 .00139757 95 1.000988 .00065984
46 1.002044 .00136701 06 1.000978 .00065295
47 1.002000 100133775 97 1.000968 .00061620
48 1.001958 00130972 98 1.000058 0006395y
49 1.001918 00128283 99 1.000948 .00063311 )
50 1.001880 00125703 1000 1.000939 .00062676




WEIBULL POPULATION WITH KNOWN SHAPE PARAMETER

Tanrp 1 (continued)
Unbiasing Faclors for Maximum Likelthood Estimators and Vartances of Unbiased
Estimators from m Order Stalistics of Scale Parameter ¢ of Weibull Population

Shape Parameter K = 5.0

417

e

m é/d Var 3/0* m §/¢ Vue 6/0
1 1.089124 05246526 51 1.001573 L(H078924
2 1.042563 .02323010 A2 1.001543 LOMK77397
3 1.027845 01477365 53 1.001513 L00075928
4 1.020674 01080969 b4 1.001485 74614
h 1.016436 Q0R51761 65 1.001458 731561
(1] 1.013637 00702572 56 1 001432 00071837
7 1.011653 00597782 o7 1.001407 Q0070570
8 1.010172 .00520161 58 1.001383 .00069347
9 1.000025 00460363 50 1.001359 00068105

10 1.008110 .00412886 60 1.001336 7023

11 1.007304 .00374281 61 1.001314 (00065018

12 1.000744 .00342274 62 1.001293 00004850

13 1.006219 00315307 63 1.001273 00063815

14 1.005771 .00202278 04 1.001253 00062813

15 1.005383 .0027383 85 1.001233 000061842

16 1.005043 ,002...,023 46 1.001215 L G0060900

17 1.004744 00230742 iy} 1.001107 00059087

18 1.0044790 ,00220189 48 1.001179 00059101

10 1.004241 .00214086 69 1.001162 00058240

20 1.004028 100203212 0 1.001145 00057404

21 1.0038356 .00193389 7 1.001120 00056592

22 1.003659 .00184472 72 1.001113 00055803

23 1.003499 00176341 73 1.001008 00055035

24 1.003353 LON168K]0A 74 1.001083 00054288

25 1.003218 .00162054 75 1.001069 , 00053561

26 1.003093 .00155745 76 1.001055 00052853

27 1.002578 00140000 77 1.001041 00052164

28 1.002871 .00144494 78 1.001027 G0051403

29 1.002772 .00139457 79 1.001014 Q0050838

30 1.002679 .00134759 R0 1.001002 L06050200

31 1.002592 00130367 81 1.000989 00049578

32 1.002511 .00126253 82 1.000977 00048971

33 1.002434 00122360 83 1.000965 .00048379

34 1.002363 (00118757 84 1.000954 00047801

35 1.002295 .00115333 856 1.000943 00047236

36 1.002231 .00112101 86 1.060932 . 000460685

37 1.002170 .00100045 87 1.00002t 00046146

38 1.002113 00100151 88 1.000u1t 00045620

390 1.0062059 .00103407 89 1.000000 00045106

40 1.002007 .00100802 90 1.0005890 00044603

41 1.001958 Q0008324 01 1.000880 0004411}

42 1.001011 0095965 92 1.000871 O 3630

43 1.001867 L000M3717 83 1.0003802 .G0043139

44 1.001824 00091571 04 1.000852 .00042098

45 1.001783 00080522 95 1.000843 00042247

40 1.001744 00087562 96 1.000835 .0004180¢

47 1.0M707 00085087 97 1.000526 00041373

43 1.001672 L0D0S3890 08 1.000817 .00040050

49 1.001637 00082167 99 1.000809 00040535

50 1.001604 .Q0080513 100 1.000801 .OGu0125
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TECHNOMETRICS, VOL. 7, NO. 3, AUGUST 1945

TaAnrLE t (continued)

Unbiasing Factors for Maximum Likelihood Estimators and Variances of {'nbiased
Estimatars from m Order Statistics of Scale Parameter 9 of Weibull Population
Shape Parameter K = 6.0

m 8/ Var 6/02 -

B 1 1.077912 03754820 51
2 1.087070 01637374 52

3 1.024223 01035070 53

4 1.017074 00756002 5

6 1.0142%4 00594882 b5

6 1.011850 . 30490205 50

i 7 1.010124 00416801 57
i 8 1.008837 003624892 58
: 9 1.007840 00320602 59
: 10 1.007045 00287528 60
: 1t 1.000396 00260578 61
12 1.005857 00238241 62

13 1.005401 002190431 03

14 1.005012 00203373 04

15 1.004674 00189504 65

16 1.004380 00177405 66

17 1.004120 00166758 67

18 1.003889 00157317 63

19 1.003683 .00§48887 09

20 1.003497 00141314 70

21 1.003330 00134474 71

22 1.003177 00128266 72

23 1.003038 .00122605 73

24 1.00201 ¢ 00117423 74

25 1.002794 .00112661 75

i 26 1.002686 00108271 76
27 1.0025%6 L O4200 Ni

28 1.002403 Q0100442 78

29 1.002407 00096437 79

30 1.002326 .000936068 80

31 1.002251 .00000613 St

32 1.002180 0087751 82

33 1002114 LOOOS5064 83

34 1.002051 00082537 84

35 1.001992 .00080155 83

33 1.901037 00077907 86

37 1.001884 00075782 87

38 1.001834 00073769 88

39 1.001787 0071861 §9

40 1.001742 .0V0TC049 90

41 1.001700 NODBSA2G o1

42 1.001659 ONOGEESE a2

43 1.001620 00065123 93

44 1.001584 LBO063631 04

45 1.001548 00062206 05

46 1.001514 00060543 96

47 1.001482 00059539 07

48 1.001451 0S890 o8

49 1.001421 _O0D5TN02 99

50 1.001393 100

00055942

00054838
LG005H3776
.Q0N52765
00061772
00050825
00049911
0004903

0048180
0047359
.00046565

.00045707
00045064
00044335
00450639
S00042064
00042309
00041675
LG0041059
000404061
00039850

b ot bt b b e e b b bk bk bk Bk b e b e ek el G b Rt et e et s

[ e

bt bk b et b ok ek bk bad bt

o/

0013606
01339
01314
(1280

201246

001243
.00122t
001200
001180
.001160

001141
001123
001105
001088
001071
001055
-001039
0102

001009
000994

000980
000968
000953
000940
000028
000915

[V

000892
-00uss1
(000870
000859
L0848
000838
Q00828
.QODSLS
000809
.0oasn0
00780
000782
000773
00764

07 s8

000748
000740
00732
0724

(K717
0710

SOU07T02
000695

Vur §/0

00039315

00038707
00038233
Q00477 14
(0037209
Q0036717
(HRLIBZ IR
00035771
0035317
JON03H873

00034441
LG34019
LOHB3607
00033206
00032813
00032430
00032056
00031690

(031333

00030953

00030642
LOMEN307
LOOR20050
00029660
Q0020347
0020040
COD02RT 10
LOU02S 415
JOD02SEAT
Q0027874

Bl g
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WEIBULL POPULATION WITH KNOWN SHAPE PARAMETER

Tantk 1 (continued)

[Unbiasing Factars for Marimwm Likelihood Estimators and Variances of Unbiased

13

168

43
44
45
46
A7
48
49
50

—

[P G R W S S Ty S R RS R

et s b W bme et b b et bl e bt bt bt et e b e

EATIT R
0327506
N248K7

014863
012604
AO10454

[AANITRY

07701
RUHHE)
006213
005641
AO0H155
O0THR
SOndd420
04122
LO03RGL
SO3633
003030
003248
003084

002938
LOO2R02
002679
002567
L002444
(002368
02280
002108

002122

.002051

.001084
0014922

ODI8G4

001809
001757
L00L708
L(01661
-001618
001576
.001536

0014499
001463
001429
0013496
001365
.Q001335
001307
L001279
001253

(01228

Var 6.6 m 0:0
JR2R23145 Ht 1 001204
1216533 H2 1 00118t
SH0T066KR2 53 1 001158
N3ARARG 54 1 ooty
LO0438910 h5 1001116
301417 a6 1001086
LOOB0T1IR 57 1.001077
0207015 s 1 O0I05S
LO0236151 Hn 1 Oooto40
0211653 60 1.001023
LO0LRIEROD Gl 1.001008
01756335 62 [T
00161470 63 1000074
nn40eia @4 1.aonnsy
RUTTRIEER 66 1000944
0130506 6o 1000430
001226064 67 1000016
AO115T 1L 63 1000002
00108504 a0 . QNORKY
00103929 70 1.000877
0008803 i) 1000864
000324 72 1.000852
LODOBOL AT ™ 1 0S40
RUVIRIIRER 71 10008249
.QUORZ2839D 75 1.000818
00079808 76 1. 000807
00078020 77 Y WRRITT7
00078848 78 1 000736
00071209 79 1.000776
00068364 S0 1.000767
00066617 81 1.000757
000064511 ]2 1.000748
RUVHRERE 83 I (G739
LQU0BOGTH 84 1000730
LODSR024 85 3 ORO7E2
LO0057270 K6 1.000713
L000HK707 87 1.000705
L00054227 8% 100647
L005IN23 890 1. GH06BRY
LOU05 1491 90 1.000051
0G0 a1 1 Q0NGT4
Q048037 a2 1000687
0047868 w3 1. Q00659
00046771 04 1.000652
00045723 a5 1. 000645
00044721 a8 1. 1D0G3Y
0437062 o7 1000632
00042843 08 1 000626
0041962 R 1000619
00041117 100 1 000613

stimalors from m Order Siadisties of Scale Parameler 0 ¢f Weibndl Population
Shinpe Parnmoter £ = 7.0

Var 600

L0010308
LGOS
ONT T
SOOIEN0L
SOONATAN
LODRGGN
DRGNS
R IRBRTY
LQ0O03-§500
0054222

RUHIRR{IER
NiREINPA
RULIX RN
0032071
LN031573
A3 100
LO0R30627
03074
L0007 35
L (028308

.00028843
0028490
0028047
0027718
00027344

20083

RUTTATIRE
LOHH2G28R
Q0025053
Q0026628

L025310
RUEVEGT )
000240607
Lpo024402
0024114
NUCIRERRY
L0023557
LO0023288
00023025
00022768

00022517
000222
L00022031
(021796
00021565
R UDIRED
00021119
0020013
L (002064
00020483

T2
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TECHNOMETRICS, YOL 7, NO. 3, AUGUST 1965

Tanes 1 (continued)
Unbiasing Factors for Marimum Likelihood Estimatora und Variances ef Unbiased
Kstimators from m Order Statistica of Seale Parameter 0 of Weibull Population
Shape Parameter K = 8.0

m a7 Vur d/6% m é7id Var d/6¢
| 1.061861 02201333 b1 1.001078 .000308GR
2 1.020305 . 00030588 52 1.001055 00030270
3 1,019123 00500310 53 1.001035 000249685
4 1.014180 04207 Y 54 1.001010 R B
5 1.011265 00337150 55 1. 000007 0028607
[ 1.000343 00277461 1) 1.000079 L 00023003
7 1.007980 .00235000 B7 1.000002 00027597
8 1.000v05 00204848 6S 1.000045 00027118
9 1.006178 00181128 50 1.000029 LOD0200585
10 1.005551 (00102328 60 1.000914 00026208
11 1.005040 00147062 01 1.000890 00025778
12 1.0u4615 00134410 02 1.000834 00025358
13 1.004250 00123770 4¢3 1.000870 00024953
14 1.003049 00114095 G4 1.000857 .N0218060
16 1.003083 00100854 45 1.000843 00024180
16 1.003450 00100017 08 1.000831 0023812
17 1.003248 LOU0R4002 a7 1.000818 00027454
18 1.003004 L000RKGO0 [iH) 1.000800 00023108
10 1.002001 00083008 690 1.000794 00022771
20 1.0027656 00070033 70 1.000783 00022444
21 1.002623 0007577 71 1.600772 00022120
23 1.002503 00072268 72 1.000761 L00021817
23 1.002393 LADGHNT 4 73 1.000751 0021517
24 1.002203 00004150 74 1.000741 L00021224
25 1.002201 00083403 75 1.000731 00020840
24 1.002116 DONBNOKT 70 1 000721 00020063
27 1.002037 AT 7 000712 LGGO20563
28 1 0019004 Q006657 L 78 1.000702 Q0020131
29 1.001806 00054505 7 1. 000004 0010875
30 1.001832 00052752 &0 1.000885 QU T0626
1.001%7 00051024 S1 1.000676 00019381
1.00M717 00049415 82 1.000808 019144
1.001666 00047901 83 1000660 LOUDISHER
1.001618 LORM8470 8’4 1.000852 00018680
1.001560 LOn045133 85 1.000845 (QUD1R485

1.001528 00043506 86 1.000037 L00018250
1.001484 00042060 R7 1.000030 00018030
1,001445 00041634 b3 1.000623 0017833

1 001408 00040450 H9 1.Quos1g A0017632
1.001372 00039438 90 1.000609 00017435

1.001339 00038467 ! 1000802 00017243
1.001307 LB003TH38 02 1000595 00017054
1.001276 000366862 93 1 000580 00016870
1.001247 00035822 D4 1 QUO83 00016890
1.001219 LO0036019 5 1 0577 00016514
1.001193 L06034251 i) 1 000571 RUIIGRET
1.Q01187 LQ0033516 07 1 000565 SONBET
1.001143 02813 JRs 1000559 .Q00180Ng
1.001120 0032138 99 1 000353 L00015844
1.001007 00031400 100 1000548 0015685
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WEIBULL POPULATION WITH KNOWN SHAPE PARAMETER A2

and i the test is terminated at the time of the m-th {ailure (m < 100), ono
ean compute n maximum likelihood estimator 8 of the seale parameter ¢ fiom
(5) and then multiply 8 by the unbiasing factor 376 given in Table | to obtain
an unbinsed estimalor 4. The ratio, Var 8/6°, of the variance of the unbinsed
estimator to 0* is niso given in the table. 'The efficiency F, of the unbissed
estimuior based on the first m order statistics ns compared with the one based
on all # order statistics (m<n<100) can be found by taking the ratio of two
entrier in the Var 070° columna of Tublo 1. It can be seen that the percentage
efliciency is approximately 100m/n,

7. NUMERICAL ExAMpLE

Az an tllustration of the use of the above results, consider a simulated life
test on forty components, Suppose the observed fuilure times in hours are as
follows:

5 33 55 03 82 102 114 142
10 34 58 65 85 103 110 143
17 36 58 €66 00 106 117 1861
32 81 61 a7 02 107 124 158
32 65 64 08 92 114 139 195

Suppose the cxperitienter knows that these times are from a Weibull pop-
ulation with shape parameter K = 2.0 and wishes to obtain o point estimate
and sct 80% upper and lower confidence bounds on the seale parameter 0.
The conventional confidence bounds are those based on all 40 observations,
but the eapesimenter might not want to wait for all the components to fail
and migat therefore terminate the test ot the time of the mth failure (n < 40).
We can simulate this ocenrrence by censoring upper portions of the above
ordeicd data. The values of the mavimum likelihood estimator § were eal-
culated from (5) for m = &(8)40, 2nd § was obitained by multiplying by the
unbiazing factor 070 given in Table 1. Then the lower aud upper 805 con-
fidence bounds, @ aned 8 4, , were culeulated from (11) with the aid of a tablo
of percentaps points of the chiquare distribution given by Harter (1964a).
The intervals between paired vrlues of § a0 and 4 are central 605, confidence
intervals for @, ‘The efliciencies, I, and F, , of upper confidence bounds and
conirnl confidence intsrvals, with confidence levels 80¢; and 6093, respec-
tively, based on the first m out of 2 ordered observations, were culeulated by
substituting, in (12) and (13), values of E[(d" ~ 0)%] obtained from (11) and
of E[(@ — 0°), El@ — 0/}, und E[i¢" — )"} obtained from (11) maodified as
indiented in Section 4. The efficiency E, of the unbiased point estimntor ¢
was compuied as indieated i Section 7. The vesults are as follows:

nt 6 0 o N0 610 1‘:»‘((:6) "‘\((:‘;2) "l‘n(‘:’Z

8§ 770 782 631 022 182 18.2 19.8
16 1.9 926 835 1033 314 a8 398
24 052 W57 882 1048 573 59.3 5.9
32 937 ob 876 1017 Y85 9.6 FERY
40 033 036 K78 1003 1000 1000 1000
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Note that £, € 1, < E, < 100m nancd that B, = = I — 100m 0 — 1007,
g m -,
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